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An orthogonality relation for spherical characters 
of supercuspidal representations 

Chong Zhang 


Abstract 

In this note, we show that, in the setting of Galois pairs, the spherical 
characters of unitary supercuspidal representations satisfy an orthogonal¬ 
ity relation. 


1 Main result 

Let n be a finite extension field of Qp for an odd prime p, and E a quadratic field 
extension of F. Let G be a connected reductive group over F, and G = Ke/fG 
the Weil restriction of G with respect to E/F. The nontrivial automorphism 
in Gsi\{E/F) induces an involution 0, defined over F, on G. The pair (G,G) is 
called a Galois pair, which is a kind of symmetric pairs. 

Let TT be an irreducible admissible unitary representation of G{E) = G{F). 
We say that tt is G-distinguished if the space Homc(p')(7r, C) is nonzero. Given 
an element i in Hom(y(-p')(7r, C), the spherical character associated to ^ is 
the distribution on G{E) defined by 

E W)v)W), f€G^{G{E)), 

v^oh{7r) 

where ob(7r) is an orthonormal basis of the representation space 14 - of tt. In this 
note, our main goal is to show that spherical characters satisfy an orthogonality 
relation when tt is unitary supercuspidal. 

Before stating our result, we introduce some notations. Recall that an el¬ 
ement g G G{E) is called 0-regular if s{g) := g~^0{g) is regular semisimple in 
G{E) in the usual sense; a 0-regular element g is called 0-elliptic if the identity 
component of the centralizer of s{g) in G is an elliptic F-torus. We denote by 
G(F)reg (resp. G(F)eii) the subset of 0-regular (resp. 0-elliptic) elements of 
G{E). 

The following fundamental theorem is proved by J. Hakim (see [Hak94, The¬ 
orem 1]). 

Theorem 1.1 (Hakim). The spherical character is locally integrable on 
G{E) and locally constant on the 9-regular locus G(F)i.eg. 
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Fixing a Haar measure dg on G{E), we denote by (j)Tr,e the locally integrable 
function on G{E) representing the distribution that is, 

^.Af) = [ AAAfig) dff, / G GAiGm- 

Jg{e) 

We will also call a spherical character. Note that is bi-G'(F")-invariant. 
Theorem 1.1 is analogous to the classical result of Harish-Chandra on admis¬ 
sible invariant distributions on connected reductive p-adic groups (see [HC99, 
Theorem 16.3]). 

When TT is unitary supercuspidal, we will show that the spherical characters 
satisfy an orthogonality relation (see Theorem 1.2). Before stating this 
relation, we need to review the Weyl integration formula in the setting of sym¬ 
metric pairs. We refer the reader to [RR, §3] or [Hak03, § 6 ] for the notation 
below and more details on this integration formula. 

Let ^ be a set of representatives for the equivalence classes of Cartan subsets 
of G{E) with respect to the involution 6. For T G denote Tj-eg = mG(Fl)reg- 
For T G the map 

g : G{F) x T^g x G{F) G{EA^, (/n, t, ^ 2 ) ^ hRha, 
is submersive and 

GiE)res = II G(i^)r,egG(F). 

Te5" 

Let A be the split component of the center of G. For each 0-regular element 
g, we choose a Haar measure on Gj{F) where 7 = s{g) and Gj is the split 
component of the centralizer of 7 in G. Fix Haar measures on A{F) and G{F). 
For (j) G G^{G{E)/A{F)) and g G G(£’)reg, the orbital integral 0{g,(j)) of (j) at 
g is defined to be 

0{g,4>)= / / (j){Agh 2 ) dhi dh 2 , 

Ja{f)\g{f) Jg.,{f)\g{f) 

where 7 = s{g) and the measures inside the integral are quotient measures. For 
T € At', the group Gs{t) is the same for each t G Treg- Let Do(e) be the usual 
Weyl discriminant function on G{E). Then the Weyl integration formula reads 
as follows: with suitably normalized measures, for each cj) G G^{G{E)/A{F)), 
we have 


lG{E)/A{F) 


Ag) dff 


E — 

T^sr ^ ’ 


\DGiE){s{t))\E ■ 0{t,(j)) dt, 


where wt are some positive constants only depending on T (cf. [RR, Theorem 
3.4] and [Hak03, Lemma 5]). Let be the subset of consisting of elliptic 
Cartan subsets, that is, for T £ At', T belongs to if and only if T^eg C 
G(F;)eu. 
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Theorem 1.2. 1. Suppose thatir is unitary supercuspidal and G-distinguished. 

Let i he a nonzero element o/Hom(3(j’)(7r, C). Then 



is nonzero. 

2. Suppose that tt and tt' are two unitary supercuspidal representations of 
G{E) andiT ^ tt'. Then for any £ £ Hom(3(p)(7r, C) and i' £ Hom(5(^)(7r', C), 


we have 



Theorem 1.2 is an analog of the classical orthogonality relation for characters 
of discrete series (see [Clo91] or [Kaz86] for this classical result). The following 
corollary, which has potential application in simple relative trace formula, is a 
direct consequence of Theorem 1.2. 

Corollary 1.3. Suppose that tt is unitary supercuspidal and G-distinguished. 
Let £ be a nonzero element o/Homc(^)(7r, C). Then the spherical character 
does not vanish on G{E)eii. 
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2 Proof of Theorem 1.2 


Lemma 2.1. Suppose that 7 = s{g) with g £ G{E) lies in an E-Levi subgroup 
M of G. Then there exists m £ M{E) such that 7 = s(m). 

Proof. First we recall some basic facts about symmetric spaces. Denote G = 
R-b/fG and M = Let X = G/G and Xm = M/M be the quotient 

varieties. As F-varieties, X and Xm are isomorphic to the identity components 
of the varieties defined by the equations 

X = {a; e G : xe{x) = 1} and Xm = {a: € M : xO^x) = 1} 

respectively. The exact sequences 


1 ^ G G ^ X 1 and 


1 ->• M M ^ Xm -S' 1 


induce the following exact cohomology sequences: 

1 ^ s(G(F)) ^ X(F) ^ H^{F, G) 
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and 


1 ^ s(M(F)) ^ Xm{F) ^ H\F,M), 

where we use the standard notation H^{F, •) to denote the Galois cohomology 
of algebraic groups [Ser97, Chapter III. §2]. However, the above exact sequences 
have a little concern with our assertion. What we need are the following exact 
sequences [Car, Lemma 4.1.1]: 

1 ^ s(G(i^)) X(F) H\e, G{F)) 1 

and 

1 ^ s{M{F)) ^ ±MiF) H\0,M{F)) 1, 

where 

H^{9,G{F)) := H\Gsi\iE/F),G{E)) 

and 

H\0,M{F)) := H\Ga\{E/E),M{E)). 

Note that 7 G Xm( 7^) and Lemma 2.1 asserts that 7 G s(M(F)). Accord¬ 
ing to [Car, Corollary 4.1.2], it suffices to show that the image ['^]m of 7 in 
H^{0,'M.{F)) is trivial. On the other hand, we know that the image [ 7 ]g of 7 
in H^{0,G{F)) is trivial, and [ 7 ]g is also the image of [ 7 ]m under the natural 
map 

i : H\0,M{F)) ^ H\0,G{F)). 

We claim that l is injective, which implies that [ 7 ]m is trivial. Consider the 
exact sequences [Ser97, Chapter 1. §5. 8 (a)]: 

and 

1 ^ i7i(0,M(F)) ^ H\F,M) 

Let P an F-parabolic subgroup of G such that P = M k U where U is the 
unipotent radical of P. We have natural isomorphisms (see [Gil, Lemma 16.2]) 

H\F,P) ^ H\F,M), and H\E, P) ^ H\E, M), 

and natural injections [Ser97, Chapter III. §2.1] 

H^{F,P) ^ H^{F,G) and H\E, P) ^ H\E,G). 


In summary we have the following commutative diagram of exact sequences: 


1 ^ i7i(0,G(F)) 

t 

1 ^ i7i(0,P(F)) 

I 

1 H\0,M{F)) 

which implies that t is injective. 


H\F,G) H^{E,G) 

t t 

H\F,P) H\E,P) 

i i 

H^{F,M) H^{E,M), 


□ 
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Lemma 2 . 2 . Suppose that (j) is a matrix coefficient of a unitary supercuspidal 
G-distinguished representation. Then, for any g S G{E)reg, the orbital integral 
0{g, (jf) vanishes unless g is 9-elliptic. 

Proof. Since ^ is a matrix coefficient of a unitary supercuspidal G-distinguished 
representation, it belongs to Cf°{G{E)/A{F)) and is a supercusp form. In 
particular, for any unipotent radical of a proper parabolic subgroup P of G, 
we have 

/ 4>{gn) dn = 0 

Jn{e) 

for any g € G{E). Write 7 = s{g). Suppose that g is not 0-elliptic, which means 
that 7 is not elliptic by definition. Therefore there exists a Levi subgroup M of 
a proper parabolic subgroup P of G such that G.y C M. According to Lemma 
2.1 there exists m € M{E) such that 7 = s(m). Since 

0{g,(l)) = 0{m,(j)), 

we assume that g is in M{E) from now on. Let N be the unipotent radical 
of P, and K a maximal open compact subgroup of G(P) such that G(P) = 
M{F)N{F)K. Fix Haar measures dm, dn and dfc on M{F)/A{F), N{F) and 
K/K n A(F) respectively so that Ah = Ak dn dm on G{F)/A{F). Denote 
K = KjK n A{F). Then the orbital integral 0{g, (jf) can be written as follows: 




lA{F)\G{F) JG^{F)\G{F) 


(j){h^ ^ 5 ^ 2 ) d/i 2 Ahi 


I {A(F)\M{F))xN{F)xK J {G.yiF)\M{F))xN{F)xK 
■ Aki Ak2 dni dn2 dmi dm 2 


(j>{k^ ^n^ ^gm2n2k2) 


{A(F)\M{F))xN{F) J {G~,iF)\M{F))xN(F) 
An I dn 2 dmi dm 2 . 


0 '(n^ ym 2 n 2 ) 


where 

(j)'{x) := f (j>{kixk 2 ) d/ci dfc 2 , x € G(E)/A(F). 

JkxK 

Note that is still a supercusp form on G{E). From now on, for convenience, 
we write (j) instead of (j)' and g instead of mf^gm 2 . Let 7 = s{g) for this “new” 
g. We claim that: 


! N(F)xN(F) 


(j>{n.^ ^gn2) dni dn2 = 0. 


It is clear that this claim implies the lemma directly. 
Now we begin to prove claim (1). Note that 


( 1 ) 


In{F)xN{F) 


(j>{n^ gn2) dni dn2 = 


lN(F)xN(F) 


4 >{g ■ 9 nign2) Ani An2. 
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Denote N = He/fN. Consider the morphism of the algebraic varieties: 
rjg : N X N —N, (ni, 712 ) 

We will show that rjg is an isomorphism. If g~^nign 2 = g~^n'ign' 2 , we have the 
relation 

71^^7772 = s{nign2) = s{n'ign2) = n'^"^^n2. 

By [HC70, Lemma 22], this relation implies 712 = ti^, and thus ni = n'^. Hence 
gg is injective. To show 77 ^ is surjective, consider the Lie algebras n' = Lie(iV'), 
n" = Lie(A^) and n = Lie(N), where N' is the unipotent subgroup g~^Ng. Since 

2 dimj’ = 2 dimj’ n" = dim/T’ n 


and n' fl n" = {0} by the injectivity of gg, we have n = n' 0 n". Therefore gg is 
submersive and thus N' ■ N is open in N. On the other hand, since N' and N 
are unipotent groups, the orbit of 1 under the left and right translations 

of N' and N is closed in N. Hence N = N' ■ N, that is, gg is surjective. It turns 
out that 


/ (l){gn)dn= / jg{ni,n 2 ) ■ 4>{g ■ g ^nign 2 ) dni dn 2 , 

iNiE) J N{F)xN{F) 


where jg(ni,n 2 ) is the Jacobian of gg at ( 711 , 772 ). Note that 


jg{ni,n2) = |ad(5)|„(F)|£:, 

which is independent of (tt-i, 712 )- At last, the claim (1) follows from the condition 
that ()> is a supercusp form. 

□ 


Proof of Theorem 1.2. By [ZhalG, Theorem 1.5], there exists a vector uq in the 
space 14 such that £ = -5fuQ, where the G(A")-invariant linear form Jfug is defined 

by 

^uoiv) := / {Tr{h)v,Uo) dh, 7 ; £ I 4 . 

Jg{F)/A{F) 


Set 


<(>( 5 ) = {Tr{g)uo,uo), 


which is a matrix coefficient of tt. Then, according to [ZhalG, Corollary 1.11], 
the spherical character has the following expression 


^^Af) = [ [ [ AAgh 2 )f{g) dg dhi dh 2 . (2) 

Jg(f)/a{f) Jg{f)/a{f) Jg{e) 


In particular, when / G Cf°{G{E)e\\), we get 


‘i’-^Af) = [ 0{g,4>)fi.g) dg. 

Jg{e) 
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On the other hand, by Theorem 1.1, we have 


= [ (l)^A9)f{9) d5- 

JG(E) 


IG{E) 

Therefore, for g € G'(i?)en, we obtain 

AAg) = o{gA)- 

For the first assertion, choose /i S C’^{G{E)) so that = A where 


( 3 ) 


Then 


= / 

JG 


^fiA) ■= / fi{ag) da. 
Ja(f) 

AAg) ■ dff 


G{E)/A{E) 

= ^ IJDG{E){s{'t))\E -AAi) -oitA) dt. 




wt Jt 


Combining Lemma 2.2 and (3), we get 

‘^7.Ah)= ~ f I^G(B)(s(i))b • dt. 

WT Jt 

Let 


(4) 


TG^ell 


Vo = 


-Uo, 


AAo,uo) 

and choose {riilieN such that {ui}i>o is an orthonormal basis of Fyr- Then 

7 r( 0 )uo = Xvo for some nonzero A, and irAAi = 0 for z > 1. 

Therefore ‘l’ 7 r,f(/i) = A|£(uo)p. From the proof of [Zhal 6 , Theorem 1.5], we see 
that 

i{uo) = c / |^(7r(g)Mo)|^ dg = c'(iio,'Uo), 

J A{E)GiF)\G{E) 

where c and c' are some nonzero numbers. Hence is nonzero. We 

complete the proof of the hrst assertion. 

For the second assertion, choose /2 € C^{G{E)) in (2) so that fli/a = A: 
where A is ^ matrix coefficient of tt' such that the distribution $ 77 '/' can be 
expressed as 


^^',Af)= [ [ [ 

Jg(f)/a(f) Jg(f)/a(f) Jg\ 


A{high2)f{g) dg dhi dh2 


IG{F)/A{F) JG{F)/A(F) JG{E) 
for any / € C'“(G(i?)). By the same reason for the equality (4), we have 

1 


^.Af2)= E 


Te5^ell 


WT Jt 


l-DG(is)(s(t))|£; • A At) ■ dt. 
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On the other hand 


^nAh) = [ I [ AAgh2W{9) d5 d/ll d/i2 = 0, 

Jg{f)/a{f) Jg{f)/a(f) Jg(e)/a{f) 

since the inner integral over G{E)/A{F) vanishes by the Schur orthogonality 
relation. We complete the proof of the second assertion. □ 
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